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The authors investigate the Tjon-Wu (TW) equation: 
WV 1 (t, x) + u(t, x) = ,j;; t!” u(t, y - z) u(t, z)dz, u(0, x) = uo(x), 
0 
which has been obtained from a classical Boltzmann equation by applying the Abel 
transform. (TW) is considered as an ordinary differential equation first in the space 
Y” = (u : 10, co) + IR 1 IT 1 u(x) 1’ eX dx < + co 1. The authors establish existence and 
uniqueness of solutions in disks of codimension 2 around 0 and around eeX. 
Asymptotic stability of these latter functions is also established. The basic tool is 
an unusual eigenvalue property of the nonlinear right-hand side of (TW) which 
leads to a reformulation of (TW) as a differential equation in 1’. Similar results are 
established in L’ working with (TW) directly. 
1. INTRODUCTION 
Tjon and Wu [ 121 introduced the model Boltzmann initial value problem 
i g cl, x) + u(t, x)= jr $ j: u(t, y - z)U(t, z) dz 
C-W 
i 
forO<x<ao,O<t<co, (1.1) 
u(O, x) = u,(x) forO<x<uo, 
to describe the behavior, forward in time t, of the number density u(t, x) of 
particles with energy x in certain homogeneous, isotropic, infinite gases. 
In this paper we describe a method for studying the existence, uniqueness, 
and qualitative behavior of solutions of (TW) in several different Banach 
spaces. The formulation and development in each different Banach space 
makes essentially the same use of a fundamental theorem of H. Brezis, A. 
Pazy, and M. Crandall. The general argument appears to be sufficiently 
robust to warrant our reference to it as a general method. Indeed, it is clear 
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that the line adopted here can be followed in the contexts of other spaces. Of 
particular functional analytic interest to us-and indeed a basic reason for 
the success of the analysis-is the nature of the operator occurring on the 
right side of (TW). This mapping is remarkable in that it admits a decom. 
position in terms of a complete set of orthogonal functions which is strongly 
reminiscent of the spectral expansion for self-adjoint operators in Hilbert 
space. 
By way of motivation for various side conditions which are imposed upon 
solutions of (TW) in what follows, we observe that Tjon and Wu impose the 
constraints 
.a3 
J u,(x) dx = 1, (1.2) 0 
and 
1 
.a, 
x uo(x) dx = 1. (1.3) 
0 
These have the interpretation that the initial number of particles per unit 
volume and the initial energy per unit volume are each unity. We choose 
appropriate units for length and time; with (1.2) and ( 1.3) it is then 
anticipated on physical grounds that (TW) will ensure that the solution will 
obey analogs of (1.2) and (1.3) for all t > 0. Moreover, in this case it is 
expected that positive initial data should lead to a unique positive solution at 
all later times and that the solution should, in some sense, tend to exp [ - x / 
as t -+ co. In Sections 2 and 3 we do indeed establish results of this type. 
We will make repeated use of the following nomenclature and result. Let E 
be a Banach space and let C be a closed, convex subset of E. Let 
J(t) : C + C satisfy a Lipschitz condition / J(t)x -J(t) yl < L . /x - ,v/, where 
L is independent of t. We will say that u : 10, co) -+ Cc E is a solution of 
the problem (IVP): 
g (t) + u(t) = J(t) u(t), 
u(0) = u, 
when, for each T > 0, 
(i) u is absolutely continuous on IO, T], 
(ii) u is differentiable a.e. on (0, T), 
(iii) u satisfies the above evolution equation a.e. on (0, T), 
(iv) u satisfies the initial condition. 
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THEOREM A [6, 71 Under the above conditions, (IVP) has a unique 
solution for each uO E C. 
Throughout we use interchangeably the notations 
[WI(x) and u(t, x). 
The former emphasizes that the values of u are in a function space. 
The results in Section 2 refer to the Hilbert space p*, which we define to 
consist of real functions on x E [0, co) which are square integrable with 
respect o the weight function exp[x]. They also refer to the Hilbert space I*, 
in standard notation. This space of sequences enters into the theory because, 
as is shown in Theorem 2.2, when (TW) is framed in 9’ it possesses a 
parallel formulation in I*. In Section 3 we consider the theory in L’, the real 
Banach space of absolutely integrable functions over x E [0, co) with unit 
weight. In Section 4 we consider the theory in other spaces including 1’, this 
being possible by virtue of the existence of the parallel formulation. 
We note that (TW) is related to the Maxwell molecules Boltzmann 
equation of Krook and Wu [9] through the Abel transform, as was shown by 
Barnsley and Turchetti [3]. Results for (TW) have immediate counterparts 
in the contexts of other problems. The work of Ernst [ 81 and of Ziff [ 131 
show that our parallel problem underlies many other Boltzmann-type 
equations. One reason for interest in (TW) from the standpoint of various 
Banach spaces is the recurring general question concerning which space is 
the natural one for Boltzmann’s equation (see for example Bobylev (51). Our 
results lead us to conclude that spaces of both L-one and L-two types are 
appropriate, but for different reasons. However, it is important to be aware 
that the present study lies outside the bailiwick of existence theories designed 
to cope with spatially nonhomogeneous problems as treated, for example, by 
Nishida [ 111, who has obtained good theorems for the classical hard-spheres 
Boltzmann equation. 
It is interesting to observe that our theory makes no use either of 
monotonicity arguments uch as have been used by Morgenstern or of the H- 
Theorem which is customarily invoked in discussion of asymptotic behavior. 
2. EXISTENCE AND ASYMPTOTIC BEHAVIOR IN ip* 
The development of this section is motivated by the relationship (see 
IL 21) 
1 *‘dy~JydzL,O,-z)L,(z)=p+~+ 1 emXLp+,(x). (2-l) x 0 
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Here (L,}:. 0 is the sequence of Laguerre polynomials 
ex d”(x”eex) nT ( - 1 )-i 
L(x)=~ dx” = \ 
n! x.j 
~ 
,To 0’ (n -j)! . 
Thus, if d,,(x) = e “L,(x) for n = 0, 1, 2 ,.... then an alternate statement of 
(2.1) is 
!I;; $)I: dz dP0, -z)#q(z)= p +: + 1 I,,,,. (2.2 1 
Recalling the orthogonality relations of the Laguerre polynomials, we have 
that 7 
) tip(s) 4,(s) es ds = 0 if p z 4. 
-0 (2.31 
=1 if p = q. 
This suggests an appropriate Hilbert space in which to investigate the 
differential equation (TW). Namely, let Y2 be the closure of the span of 
id,),“- ,, and, for f and g in .!P2, set 
CL g> = J~f(s)g(s) es ds 
and denote the corresponding norm by 1 . 1. For convenience, we define the 
function A on YJ2 x P2 by 
A(f, g)(x) = 1:‘ ;f dzffj - z) g(z). 
0 
(2.4) 
LEMMA 2.1. A is a bilinear function on all of 9’ X 9’ and 
lAV;g)I G nlfl I g l/fi. 
The following sequence of inequalities provides some indication of the 
proof: 
I ( 
m 
A x a,4,, 2 bd47 2 =pzo z.,>qb; 1 #Pi-, 1 2 
p-o q=o )I I 
2 
b 
n-P’ 
p-0 q=o 
Here, we have used (2.2) and Holder’s inequality. 
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THEOREM 2.2. [cf. 1, 21 If u, is in 9’ and {a,},“=, is in I2 such that 
u0 = C,“= ,, up $p, then these are equivalent: 
(i) there is a function u : [0, 00) + 9’ which is a solution for 
$ + u = A(u, u), u(O) = uo, 
and 
(ii) there is a sequence {c,(t)},“=, of number functions such that, if 
n > 0, then c, : [0, 00) + IR is a solution for 
dc, dt +‘“= 
and, for each t, {c,,(t)},“=o is in l*. 
Proof: Suppose that (i) holds. Let c,(t) = (u(t), 4,). Then {c,(t)},“=, is in 
12, c,: [0, co) -+ I? is absolutely continuous on compact intervals, differen- 
tiable almost everywhere, and c,(O) = a,,, for n > 0. Using (i), 
=(A(u,u)-244,) 
= (A (UT u), 4,) - c, . 
Using Eqs. (2.2) and (2.3) 
@ 04 uh 4,) = [ W + 
Thus (ii) holds. 
Conversely, suppose (ii) holds. Since 
1)l i C”-PC,. 
p=o 
kpWl,“=o is in I’, the function 
u(t) = C,“=, c,(t)), is in .P*. Also, 
du -= 
dt 
Thus u: [0, co) -+ P* and is a solution as in (i). 
Remark. Theorem 2.2, together with the outline for a proof of 
Lemma 2.1, shows that if B is defined on I2 x l2 by 
B(~apl~09 lbpl,“o)(n) = Ill(n + 111 5 an-pbp 
p=o 
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then the problem of solving in 9’ 
$fu=A(u,u), u(0) = u. E F2, 
is exactly equivalent to the problem of solving, in I*, 
Jg + u = B(u, u), u(0) = ug E I*. 
Thus, we will hereafter denote by E either LP* or 1’ and, in the usual manner, 
denote by ( . , . ) the inner product on E. Also, A will be used to denote both 
bilinear operators indicated above. Finally, #P stands for either the function 
e-“L,(x) in P* or the sequence e,,+, in I*. 
LEMMA 2.3. If each off and g is in E, then 
6) A(f, s> = Ah&f)? 
(ii) v(f,g)~O”)= Ill(n + I>1 C;df4n-p)~ (ko,)1 
and 
(iii) IA(f,f) - A(& g)l G WV% If+ gl . If- gl. 
Indication of proof. Both (i) and (ii) follow after a little consideration. 
For (iii) 
14.Lf)-md2 = F “20 (& [go u-PfP - WVJ]) 2 
= “f& (-&)’ [ $ (I.,+P”-.,)(f~-P,)]’ 
THEOREM 2.4. There is a positive number r such that if 1 u0 I< r then 
there is on!v one function u : [ 0, co ) + cl@,(O)) c E such that u is a solution 
.for 
$+u=A(u,u), u(0) = U”. 
Proof: To prove this theorem, we use the fundamental Theorem A. Here. 
we choose the closed, convex set C to be the closed disk about zero with 
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radius r < fi/ z and take J(f) = A(f,f). By the previous lemma, if IfI < r 
then IJ(f (z/&)lfl’ < IfI, so that J: C+ C and 
IJ(f)-Jk)IG2If-gl. 
The conclusion of Theorem A follows. 
THEOREM 2.5. Let Jq,I = m < &In. There is only one function 
u:[O, co)+E such that 
$+u=A(u,u), u(0) = 240. 
Moreover, u(t) -+ 0 in E as t -+ 00. In fact 
IWI G I~oIe~rW41~/~- 11). 
Pro05 By the previous theorem, we have the existence and uniqueness of 
the solution U: [0, co) -+ cl@,(O)) c E. Let t > 0. Then 
! .mexu(t,x) [~+~]dx=)~e”u(t,x)A(u,u)dx. 0 
That is, 
+&)I2 + l@>l’= (A@, u), u). 
But (A(u, u), u) < m . (x/&)lul’. Th e resulting differential inequality yields 
that 
lu(t)l < m exp(t[m . r/&- l]), 
which was to be established. 
In the remainder of this section, we investigate the nature of solutions for 
(TW) for which the initial point is in E, but not necessarily in Di(0). 
Remark. In the introduction, it was noted in Eqs. (1.2) and (1.3) that 
Tjon and Wu imposed the constraints 
~‘u,(x)&= 1 and ~ixrr,(x)dx= 1. 
-0 0 
Noting that #o(x) = ePX and 4i(x) = (1 - x) emX, we rewrite these constraints 
as 
(uo940> = 1 and (uo, 4,) = 0. 
The following lemma shows the constraints persist for solutions of (TW). 
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LEMMA 2.6. Suppose that u : [0, co) -+ E is a solution for (TW) and 
(u,,. 4,) - 1 = (uo, 4,) = 0. Then (u(t), q+,) - 1 = (u(t), 4,) = 0 for t > 0. 
Proof Lemma 2.3(G) implies 
Recalling that strong differentiability implies weak differentiability. we 
observe that (uO, 4,) = 1 implies (u(r), 4,) s 1. Also, Lemma 2.3 (ii) yields 
Combined with the previous statement, 
THEOREM 2.1. Suppose that u: [0, a~)-+ E is a solution for (TW) and 
(u,,. 0,) - 1 = (u,,, 4,) = 0. Suppose also that there is a number B such that 
1 u(t) - q5” / < B for all t > 0. Let N > 2 and 6 be related b> 
If c0 is in E such that (co, 4,) = 0 for n < N and 
N-l 1 
IuoI <-.-- 
N+l 6 
2B 
then there is a function w : [ 0, co) + E which is the only solution for 
w’ + w =A(w, w), w(0) = u(’ + L’,,. 
Moreover. lw(t>-u(t)~~~~~/exp([(l-N)/(1+N)+6~Ju,,I+2B]]tJ. so 
that 
iiz, [w(t) - u(t)] = 0 
+ 
Proof With the supposition of the theorem, let N and 6 be as indicated. 
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We again use Theorem A. First, we establish there is only one function 
v:[O, co)+L* such that 
W)~ 4,) = 0 for p <N 
and 
u’+u=A(u,o)+24(24,u), u(0) = uo. 
Having this we take w = u + u. Then w : [0, co) + E provides the only 
solution to 
w’ + w=A(w, w), w(O)=u,+u,. 
InordertouseTheoremA,letm~r=[(N-l)/(N+1)]1/6-28andC 
be the closed, convex set 
C={f:($,#,)=Oforp<NandIfl<m). 
The function J(t) is given by 
JWg = A(& g) + 2‘4 (u(t), d 
for g in C. We have that 
Thus, IJ(t)gl< {Slg] + 2[ l/(N + 1) + 6B]} Ig]. With 
26B 
then )J(t)gJ < IgJ Q m. To establish that J(t): C -+ C, it remains to show that 
if g is in C then 
Wk~ 4,) = 0 for n < N. 
But, as we have seen, 
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Thus J(t) : C -+ C. J(t)g is integrable in f-in fact it is continuous in f-and 
J(t) is Lipschitz on C for 
I40.!--J(~)gI = PUf) --4(&g) + ~Mf),f-g)/ 
~~lf+glIf-A+ 12/w+ 1)+2@llf-gl. 
Theorem A applies. And, there is only one function u : [0, co) --t D,(O) c E 
such that 
u’ + v =A@, u) + 2A(u, u), v(0) = v,. 
It remains to establish the asymptotic inequality. As in Theorem 2.5, 
Solving the differential inequality gives 
MOl< IGWWW -W/(1 +W + WbI + WI+ 
Now, we see that lim,-, I w(f) - u(f) ] = 0 if N is such that 
COROLLARY 2.8. If w. is in E, I w,, - &I ( 0.7085 and (w,,, &,) - 1 = 
(wO, 4,) = 0, then there is only onefunction w: [O, co) + E such fhaf 
Moreover, lim,+, w(f) = &. 
Proof: Suppose u(f, x) = e-“. Then U: [O, co) + E is the only solution 
for 24’ + u = A(u, u), u(0) = f&. Also (u,, q&) - 1 = (u,, 4,) = 0 and 
I u(f) - tiO 1 = 0 for all t. Let N = 2. Then 6 = (,Y’F [ l/(n + l)]‘}“‘. If u,, is in 
E such that (vO, dO) = (vO, 4,) = 0 and 1 vO] < l/36 then there is a function 
w:[O,m)+E which is the only solution for &$” + fi) = 
A(w, w). w(0) = #,, + uO. Moreover, 
I w(t) - h I < I v. I ev(( - l/3 + 6 I v. I) t>. 
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Remark. It is interesting to see that we have here obtained a class of 
solutions which tend to ePx asymptotically; yet, they do not necessarily start 
from positive initial data. Moreover, the manner of the convergence is 
explicit: namely, the convergence is in the norm of ip’. 
Remark. Observe that we can now in principle use the solution implied 
by Corollary 2.8 as a starting point u for a reapplication of Theorem 2.7. Or, 
we could pick u to be the similarity solution [5, 9, 121: 
S(t, x) = ew( - 45) r2 i 
2r--l+ (l-t)x ) 
5 1 
where r = 1 - exp( 1 - (to + t)/6) and to is a parameter. 
In the remainder of this section, we consider the equilibrium solutions of 
(TW). That is, we seek members u0 of L2 for which U, =A(u,,, u,,). 
If a > 0, uO(x) = aKax, and u(t, x) = U,,(X) then u(t) is an equilibrium 
solution for (TW). If a > 4 then uO(x) = aemax is in Y2. The decomposition 
of u0 in terms of { $,},” i is 
ae -ax= 2 y”#,(x), 
!I=0 
wherey=l-a-land -l(y(l. 
The following theorem shows there are no other equilibrium solutions. 
THEOREM 2.9. The sequence {c,},“=, is an equilibrium solution of (TW) 
in12ifandonlyifc,=y”,where -l<y<l. 
Proof. Suppose c, = [ l/(n + l)] J$O c,-~ cP, n > 0. Then co = ci. If 
co = 0 then c, = 0 for all n. If co = 1 then c, is arbitrary. Induction shows 
that, in this case, ck = (c,)~ for all k > 0. 
We shall denote these special solutions by ua in E: for a > f, 
u,(x) = ae-nx in LP2 and u,(n) = (1 - a- ‘)” in 12. For a near 1, each oa is 
the center of a disk of codimension 2 and positive radius, wherein solutions 
exist globally in t and converge to ua as t -+ co. We make this precise in the 
next theorem. 
THEOREM 2.10. There is an interval I containing 1 and a positive 
function R on I such that $ a is in Z and u. is in the set C, = {f: (f, (b,) = 1, 
(f,#l)= 1 -a-‘, and If- u, I< R(a)}, then 
(i) there is only onefunction u: [0, co) -+ C, c E such that 
u’ + u = A(& u), 40) = uo 3 
and 
(ii) if I u. - u, ) < R(a) then lim,, I u(t) - ua 1 + 0 in E. 
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Proof. For this proof, let 6 = (CFzs (l/n)‘)“’ = (24~’ - 205)“2/12. 
Take R(a)= ((2u-3]c- 11)(2u-- l)“‘- 126(a- 1)2]/66a(2a- 1)“2. We 
will use Theorem A with the closed convex set C,. Suppose f is in C,. We 
must show B(J;f) is in C,. Since (S, &,) = 1 and (ft 4,) = 1 - a ~’ = y then 
(W23 4,) = 1 and (B(f,f), 4,) = y. It remains to show that 
]B(Jf) - un / ,< R(a). Using the triangle inequality 
We now find upper estimates for these last four terms: 
and 
< 46’lf- urn I2 . y”/( 1 - y’) = 4d2 if- ‘3, j (a - 1 )‘/a2(2a - 1). 
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Combining the above, 
Thus J(J) = B(f,f) : C, -+ C,. Using the Lipschitz property as given in 
Lemma 2.3(iii), we get the existence of the solution from Theorem A. 
To complete the proof of this theorem, we establish the asymptotic 
behavior. If u is the solution for (TW) then 
$+u-u,=A(u,u)-u,. 
Thus l/2 d/dt ) u(t) - uJ* + I u(t) - u, I2 = @(u(t), u(t)) - u,, u(t) - uJ 
< ~+~+cyu(t)-u I+ 26y2 
( ‘3 2 LL diq 1 
I@)-a I2 e * 
From this, we conclude that I u(t) - Us I* + 0 as t -+ co. 
3. EXISTENCE AND ASYMPTOTIC BEHAVIOR IN L’ 
In this section, we establish solutions for (TW) with initial data in Dl(0), 
the unit disc, in the Banach space {L’, (I . II,}. We also consider the 
asymptotic behavior of all solutions. 
Here, we consider A on L’ X L ’ given as before by 
and utilize this following Lemma which is analogous to Lemmas 2.1 and 2.3. 
LEMMA 3.1. If each off and g is in L’, then 
(i> AU g) = 4gJ), 
(ii> IkWgNL WII llgllI~ 
and 
(iii) Il~Uf) -A(g,g)ll* G Will + IlkdII~ * Ilf-gll,~ 
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ProojI An argument for (i) would be as in (i) of Lemma 2.3. For (ii). 
consider these inequalities: 
Il~(f;~~/,~/.mdx~m$jrdz/f(p-z)g(z)l 
-0 ‘X 0 
=/~dzJ.~dyjYdx~/l~-z)g(z)l 
‘0 -;Yo 
zz 
! I 
~m~~-m41f(Y--Z)dz)l 
0 I i 
= Ml, II gIlI. 
The last equality follows from the change of variable y - z = S. Finally, for 
(iii), we use (i) and (ii): 
II‘4(fif>-4&g)ll, =IIA(f,f-g)-A(g,f-g)ll, 
G Illfll, + Ilglll/ . Ilf-41. 
THEOREM 3.2. Suppose 0 < r < 1 and /I u. /I, < r. There is only one 
function u : [ 0, co) + ci(D,(O)) c L’ such that u is a solution for 
$ + 24 =A(u, u), u(0) = u,. 
Proof: Using Theorem A, the closed, convex set C is taken to be 
cl(D,(O)) c L’ and J(f) to be A(f,f). Lemma 3.l(ii) implies that J: C + C 
and Lemma 3.1 (iii) implies that 
IIJUJ -Jkll, ,< 2 llf-gill. 
Again, the conclusion of Theorem A gives Theorem 3.2. 
COROLLARY 3.3. (cf. [4]) Zf u, is in L’, IIu,lI, = 1, u,(x) > 0 almost 
everywhere, and u : [O, a~) -+ L, is the solution for 
$+u=A(u,u), u(0) = u,, 
then I/ u(t) 11, = 1 and u(t, x) > 0 almost everywhere. 
Proof: If each off and g is in L’ and has nonnegative values almost 
everywhere then, from the proof of Lemma 3.1 (ii), 
(-m A (fi g)(x) dx = [ cD f (x) dx Ia g(x) dx; 
.o -0 -0 
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so that J(f) = Wd”) ma P s non-negative-valued members of L' having norm 
1 into non-negative-valued members of L' having norm 1. And, the result 
again follows from Theorem A. 
Next, we examine the behavior of solutions as t + co and find, as before, 
that the zero solution is asymptotically stable. 
THEOREM 3.4. Let )I u0 II1 = m < 1. There is only one function 
u: [0, co) -, L’ such that 
$+U=A(u,u), 40) = %I 3 
and u(t) --) 0 in L’ as t -+ 03. In fact, 
Il@)lll ~II~oIIIew[(ll~ollI - WI. 
Proof: From Theorem 3.2, it follows that there is only one function 
u: [O, co) + cl@,(O)) CL’, which is a solution of the differential equation 
with u(0) = uo. Also, 
f [e%(t)] = e’[ J$ + u] = e’A(u, u). 
Hence, 
IIW~>llI < II uolll +I’ es IIAMs>~ 4s>>llI ds 
0 
<Il~olll +f es . m . II4N ds. 
0 
Gronwall’s inequality now shows that 
Ilu(t) < m ew[(m - l>tl. 
Recall, now, that the dual of L’ is L”O: (L’)* = L”O. As we shall see, much 
can be ascertained about the asymptotic behavior of a solution u for (TW) 
from the “action” of the L”O function 1 on u(t). 
Let H, = {g E L’ : lr g(x) dx = c}. Since 1 is in Lm, then H, is a closed 
hyperplane for each c. Of particular interest in a study of (TW) are Ho and 
H,. To continue this study consider the distance from a member f of L’ to 
Ho; this distance is denoted by d(f, Ho) = inf{llf- gIlI : g E Ho}. Key in the 
study is 
LEMMA 3.5. Zff is in L’then ~(l,f),m,L~l=d(f,Ho). 
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ProoJ Suppose f is not in H, and h is in H,. Then 
I’ m If(x) - @)I dx 2
-0 
I’ O” (f(x) - 4~)) dj 
=,(l:/.)-il.h); 
=l(L.f)l* 
Since h is arbitrary, we infer that cf(f, Ho) > ](l,f)]. On the other hand. 
decompose f into its positive and negative parts, so that f =f i -f-. and 
consider (1, f ‘) and (1, f-). Without loss of generality, assume (1,f’ j is 
larger. There is a point 5 in [O, co) such that if g’ =f + on [0, (1 and = 0 on 
(<,a~), then (l,g’)=(i,f-). Let g-=fm on ]O,co) and g=g’--g 
Then g is in H, and 
llf-gll*=~~f+~x)dx=~I~f+~-~~~~‘~ 
=U;l,f+)-(l. f-)= (1, f). 
Thus, g is an element of Ho for which Ilf - g/l, = i(l, f)l, and we see that 
THEOREM 3.6. Suppose that u. is in L, . We have the following: 
(i) If 1,” u,,(x) dx < 1 and there is a function u : [O, co) --t L’ which is 
a solution for (TW) with u(O) = u. then d(u(t), H,) -+ 0 monotonically as 
t-+ og. 
(ii) ZJJ,” u,(x)dx = 1 an d h t ere is a function u : 10, co) --f L’ which is 
a solution for (TW) with u(O) = u,, then u(t) is in H, for all t > 0. 
(iii) If jr uo(x) dx > 1 there is no L’ solution for (TW)for all t 2 0; 
in fact, d(u(t), Ho) has finite blow-up time. 
ProoJ Consider the function N: ]O, a~) + R defined by N(t) = 
1‘: u(t. x) dx = (1, u(t))Lm,,,I. Since u is absolutely continuous on compact 
mtervals and differentiable almost everywhere, then so is iv, with 
dN 
z=N2-N, N(0) = 1 a uo(x) dx. 
. 0 
The solution of this differential equation is 
N(t) = N,/(N, + (1 - N,,)e’(. 
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The conclusions of the theorem follow from these observations: (i) N(0) < 1 
implies N(t) -+ 0 monotonicaly; (ii) N(0) = 1 implies N(t) = 1; and (iii) 
N(0) > 1 implies the denominator takes on value zero when 
t = log(N(0)) - log(N(0) - 1). 
Figure 1 summarizes the above results concerning asymptotic behavior of 
solutions to (TW) in L’. It is a two-dimensional schematic representation of 
L’, with the first quadrant representing the positive cone. Also indicated are 
Di(O) and the hyperplanes H, and H,. Solutions on H, or H, remain there. 
Solutions starting strictly inside the unit ball converge to zero. The hyper- 
plane H, divides the complement of the unit ball into two regions: solutions 
in one become unbounded in finite time; those in the other converge to H,. 
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The path of approach to H,, in this latter case, is not known. Also, even 
though Theorem 3.6 provides information about the asymptotic behavior of 
solutions, we are not assured existence except in cl(D,(O)). 
4. CONCLUSION 
In Section 2 we presented two equivalent formulations of (TW), in the 
Hilbert spaces Y” and 12. Existence of a unique solution tending in norm 
asymptotically to zero was proved for initial data in the ball with center at 
the origin and radius &/II. On the hyperplane of functions (or number 
sequences) f obeying (do,f) - 1 = (& ,f) = 0, existence of a unique solution 
converging to exp[ -xl (or to the corresponding number sequence) was 
proved for initial data within a distance 0.7085 from exp[ --xl. The analysis 
made crucial use of Theorem A; also a perturbation approach was used. 
particularly to deal with solutions not tending to zero. The behavior of (TW) 
for initial data obeying (d,,, uO) - 1 = (#,, u,,) -a = 0 for real a was also 
examined. 
The study of (TW) in the space L’, carried out in Section 3, had many 
features in common with the Hilbert space analysis. We note the application 
of Theorem A, the parallel usage of inequalities associated with the bilinear 
operator, and the hyperplane theorem. 
It becomes clear that our method for analysis of (TW) is indeed a theory: 
(1) the establishment of a priori inequalities which exploit the structure of 
A ] U, u], along the lines of Lemmas 2.3 and 3.1, followed by (2) the 
application of Theorem A both to (TW) as it stands, and (3) the application 
to perturbed forms of the problem. This line of attack readily extends both to 
other Banach spaces and to related problems. We illustrate these two claims 
next. 
The parallel problem in I’. namely, 
J& 1 <T dr +c,=- 
n + 1 pT0 
cn-PCP. c,(O) = (uo), q (4.1) 
can be considered in its own right in the space I’. One reason for interest is 
that (4.1) underlies other model Boltzmann equations, as was pointed out in 
the Introduction. Analysis similar to that previously carried out applies here, 
as we briefly indicate. Let c = {c,} denote a number sequence, now in I’, 
with norm ]c],, and use the notation B(c, c) for the operator from I’ into 
itself, whose nth component is 
B(c, c)(n) = [ l/(fi + 111 \‘ CPC9. 
ptq=n 
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Then we obtain at once, for example, 
LEMMA 4.1. Zf each of c and d is in I’, then 
(9 B(c, d) = B(d, cl, 
(4 I% 4, Q ICI, Id,L 
(iii> P(c,c)-W,d)l< II4 +ldl,l Ic-4,. 
A typical chain of inequalities which occurs in the proof of this lemma is 
PW)lA 5 Pl(n+ 111 c Ic,I Id,1 n=o p+q=n 
G f c Ic,lldql 
n=o p+q=n 
Remark. As the proof of Lemma 3.1 shows, the inequality Lemma 
3.l(ii) is in fact an equality when f(x) and g(x) are positive a.e. in L’. Here 
this is not the case, as the above inequalities show. 
THEOREM 4.2. Suppose 0 < r < 1 and Iuo/, <r. Then there is only one 
function u : [0, co) + cl(Dr(0)) c 1’ such that u is a solution of 
g + u = B(u, u), u(0) = uo. 
The proof is based on Lemma 4.1, just as the proof of Theorem 3.2 was 
based upon Lemma 3.1. However, in view of the previous remark we do not 
obtain a parallel to Corollary 3.2. Despite this, perturbation analysis is 
feasible here, just as it was in the other settings. For example, one can 
perturb the number sequence , = { 1, 0, O,...} to obtain the following result. 
THEOREM 4.3. Zf u. E 1’ has first entry unity and is such that 
/u,--e,I, <r< 1, 
then there is only one function u: [O, CQ)-, cl D,(e,) c 1’ such that u is a 
solution of 
$ + u = B(u, u), u(0) = uo, 
We stop the development in I’ here because our point concerning the 
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feasibility of our theory-involving the progression through steps (l), (2). 
and (3~in the setting of other Banach spaces is made. 
Our theory also applies to other problems related to (TW). The modified 
TW equation 
i 
when /lull, # 0 
u(0) = u,,, 
0 when liull, = 0 
/ 
which can arise as a means to improve the stability of numerical methods for 
calculating solutions of (TW) which obey 1) ~11, = 1, can readily be studied. 
In fact. global existence of a unique solution u : 10, co) + L’, for any initial 
condition u0 E L’, can be proved. 
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